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1 Abstract 

We study time harmonic scattering for the Hehnholtz equation in M" . We show 
that certain penetrable scatterers with rectangular corners scatter every inci- 
dent wave nontrivially. Even though these scatterers have interior transmission 
eigenvalues, the relative scattering (a.k.a. far field) operator has a trivial kernel 
and cokernel at every real wavenumber. 

2 Introduction 

In an inverse scattering problem one probes an unknown structure with waves 
and tries to reconstruct the structure from the response. If there is no response 
to the probing wave, one is tempted to infer that the structure is absent, but this 
may, or may not be the case. More precisely, we consider the scattering of time- 
harmonic acoustic waves by an inhomogeneous medium of compact support. 
The above situation can arise at certain wavenumbers if the relative scattering 
operator is not injective. Most reconstruction algorithms in inverse scattering 
theory, such as the linear sampling method of Colton and Kirsch and the 
factorization method of Kirsch [TU], need to avoid such wavenumbers, but do 
they exist? 

In the spherically symmetric case, the existence of non-scattering wavenum- 
bers has been known for a long time [6l[7]. In that case the existence follows from 
the fact that every real interior transmission eigenvalue implies also the existence 
of non-scattering waves. On the other hand, the existence of transmission eigen- 
values for general positive perturbations of the background was proven in [11] 
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and generalized in [5] and [5] to more general situations. Unfortunately this does 
not answer the original question about the existence of non-scattering waves. 
The purpose of this paper is to describe a situation where there are infinitely 
many interior transmission eigenvalues but all incident waves still scatter. We 
begin with a more detailed description of the problem. 

The scattering of time harmonic acoustic waves by a penetrable medium can 
be modeled by the Helmholtz equation 

{A + k^n^)u^O iuK", (1) 

where n{x) denotes the index of refraction. In this model, we seek the total 
wave as 

u = v° + u+ (2) 

where v'^ is the incident wave and u+ the outgoing scattered wave. This means 
that 

(A + k^)v° = in M" (3) 

and therefore that 

{A + k^)u+ = k^m{v° + u+) (4) 
where the contrast m, defined by 

= 1 — m, (5) 

is compactly supported. The relative scattering operator maps the asymptotics 
of incident waves to the asymptotics of scattered waves. Specifically if Bp^^ 
denote the Besov spaces [HI [15], any w° satisfying ([3|) that belongs to the 
Fourier image of the space i (which we denote by ^ , see Section [5] for 
this) is a Herglotz wavefunction [T], i.e. 

v'{x) = f go{e)e^''-^da{e), (6) 

for some go G L^(S'"^^) and 

- 7TT^9oiO) + , '"tL go(-g)- (7) 

[ikr) 2 [—ikr] 2 

The scattered wave also has asymptotics 

u+{re)^-^^a+{e) (8) 
(ikr) 2 

and the relative scattering operator S{k) maps 

S{k) : 3 g„ a+ e 

It is a compact and normal operator in L^(S'"~^), so never has a bounded 
inverse, but a number of methods in inverse scattering succeed only if the kernel, 
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and hence cokernel, of S{k) is trivial. If the contrast m(x) in Q is compactly 
supported, then a nontrivial kernel implies that is an interior transmission 
eigenvalue (ITE) for any domain n that contains the interior of the support of 
TO. This means that there is a nontrivial and satisfying 

(A + fc2)wO =0 inn 

(A + fc^)M+ = fc^n(w" + in rj ^-^q^ 

w+lao = 0, ^— lao = 
av 

If TO(a;)|j2 > 0, then the ITE's are known to be discrete, and if m{x) > in all 
of f2, there are infinitely many real ITE's [3j|8]. In the spherically symmetric 
case (to = to(|x|)), extends to all of as 0, and extends to R" as 
a spherically harmonic times a Bessel function. In this case, k is called non- 
scattering wavenumber. That is, if there is a nontrivial and v'^ satisfying 

(A + k^)v° =0 in R" 

{A + k^)u+ = k^m{v" +U+) inR" ^^^^ 
ov 

then fc is a non- scattering wavenumber, and w° a non- scattering incident wave. 
Hence they are wavenumbers for which the relative scattering operator has a 
non-trivial kernel. In general, the relationship between ITE's and non-scattering 
frequencies is unclear. 

In this paper, we show that, if the contrast m[x) is the characteristic function 
of an n-dimensional rectangle times a smooth function which is nonzero at at 
least one corner of the rectangle, then there are no non-scattering frequencies. 
If, in addition, m{x) > on its support, it has infinitely many real ITE's there. 
For each ITE, the function u+ satisfying (ITU|) extends to R" as but, as we 
will show, does not extend, as a solution to ([3]), to any neighborhood of the 
nontrivial corner. 

3 All Corners Scatter 

The main result of this paper is the following 

Theorem 3.1. Suppose that k ^ 0, that K is an n-dimensional rectangle, and 
i) m = XKy^{x) with ip G C°°(R") and ip{xo) ^ at at least one corner of K 
ii) u° satisfies 

(A -I- k^)v" = mW (12) 

Hi) u+ satisfies 

{A + k'^)u+ ^ k'^m{v° + U+) inside K (13) 
and u^ldK = -^\dK = (14) 
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then = 0. 

Corollary 3.2. Ifm salsifies i) and k ^ 0, the kernel of the scattering operator 
is trivial. 

Proof. If the kernel of S{k) is nontrivial, then there is a Herglotz wavefunction 
satisfying in M", and an outgoing u+ satisfying (IT51) in R" with vanishing 
far field a+. Rellich's lemma and unique continuation guarantee that w+ 
vanishes outside the support of m. It follows from the fact that m G L°° and 
11° G that e i?;Q^(]R"), and therefore the derivative to dK must vanish, 
so the theorem implies that ug, and hence, by Fourier inversion in 5^' , the 
amplitude must vanish. □ 

For the proof of Theorem 13 . 1 1 suppose that u+ G Hf^^ satisfies (fT3)) and ([T4|). 

11° satisfies (fT2|). and w G L'^{K) satisfies 

{A + k^{l-m))w^O inside (15) 
Then, integration by parts gives 

wk^mv^ = (16) 

K 

We will prove the theorem by showing that, for any , and the resulting u"*", 
we can choose w so that the left hand side of (fT6|) is nonzero. 
We devote section [6] to the proof of 

Theorem 3.3. Suppose that m{x) satisfies i) in Theorem \3.1\ and p G C" 
satisfies p ■ p = 0. Then, for \p\ sufficiently large, there exists w satisfying (jlSp 
of the form 

w = e^''(l + V) (17) 

with 

Mlhk) < 1^ (18) 

for any 2 < p < oo. 

We will combine this with the simple lemma 

Lemma 3.4. Suppose that w*^ ^ and xq is in an open set where (A+fc^)w° = 0. 
Then the lowest order homogeneous polynomial in the Taylor series for t)" at Xq 
is harmonic. 

Proof. The function u° is real analytic at xq, so its Taylor expansion doesn't 
vanish. 

v°{x) = P'^{x-xo)+v^+\x) 
Av" (x) = AP^ {x-xo) + Av^+i {x) (19) 

= Q''-\x-xo)+q''-\x) 
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where and ^ are homogeneous polynomials of degree N and N — 2 
respectively, and 

I N+lf \\ ^ I |iV+l 
\V ^ [x)\< C\X — Xn 

I W| - I U| , , 

\q [x)\ <c\x-xq\ 
We may assume that N >2 since otherwise Pm is automatically harmonic. If 

= -k^vo (21) 

then 

\Q^-'{x~xo)\ = |-g^-i(x)-fc2(P^ + «^+i)| <c|x-xor-\ (22) 
but Q^^^ is homogeneous of order TV — 2, so must be zero. □ 
In section [71 we will prove 

Theorem 3.5. Let P^ (x) be a nontrivial homogeneous harmonic polynomial 
on M". Then its Laplace transform is given by 

[ e-''-PP^ix)dx = Q^+" (i) . (23) 

Jx>0 ^ ' 

•where Q^^" is a homogeneous polynomial of degree N + n,and ^ denotes the 
vector with j-th component . Moreover, Q^~^"'{j;) does not vanish identically 
on any open subset of p ■ p — when n > 3. In 2D it has a nonzero value in 
{p- p = 0,^p>0}. 

Returning to the proof of Theorem 13. 1[ we insert the w from Theorem 
into (fT6)) . and expand u° as in Lemma |3^ obtaining 



= J e-='-P{l + i^)m{P^{x)+v^+\x)), (24) 
which we reorganize as 



K 



e—PmP^^ / e-^-PmQ^+'v^+'+ e-'^-ymiP^ + Q^+'v^+'), (25) 

K Jk Jk 

where we have rewritten v'^'^^ = —Q^'^^v^'^^ as a homogeneous polynomial 
times an analytic function v^~^^. Note that v^~^^ stays bounded in K. Without 
loss of generality, we will assume that the rectangle is located in the positive 
orthant {xj > 0}, that x = is the corner at which m doesn't vanish, and that 
to(0) = 1. The following lemma tells us how the right hand side of (l25t decays 
as IpI CO. 

Lemma 3.6. Let R'^ {x) be a homogeneous polynomial of degree N and ^pj > 
for all j = 1, . . . , ri. Then 



e-^-PR^{x)f{x)dx 

a:>0 



<C|pr(^+")+"/ni/IL. (26) 
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Proof. Let p = s ■ 9, where \9\ = 1. Then 

1 



a;>0 



y>0 



e-yOR^{y)f{y-)dy 



< 



J- l|e-^"i?"(2/)|L, ||/(f)IL. - (27) 



□ 



With these preparations we are ready to prove Theorem 13.11 As a conse- 
quence of the lemma, pS]) becomes 



K 



< 



< 



K 
C 



K 



\mv 



N+l I 



.^J^mv-^'W,., (28) 



which combines with (|18p to yield 



C 



< 



c 



Theorem 13.31 allows us to choose any 2 < p < oo, say p — 2n, so we have 

C 



.-^■PmP^ 



x>0 



< 



\P\ 



On the other hand, Theorem 13.51 tells us that 



n+N+l/2 ■ 



-x-p pN 



P'' {x)dx 



x>0 



> 



c 



\p\ 



N+n 



(29) 



(30) 



(31) 



with C nonzero after a suitable choice of p. Because m{x) — 1 vanishes at x = 0, 
we have 



e-^-Pp'^(x){m{x) - l)dx 

x>0 

se we arrive at the contradiction that 
C 



x>0 



-xp^N+1 



< 



{x)m{x)dx 
^1 



< 



< 



C 



\P\ 



N+n+l/2 



(32) 



(33) 



and the theorem is proved. It remains to prove Theorem 13.31 and Theorem 13.5 
which we will do in Section [6] and Section [71 
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4 Estimates for Fundamental Solutions 

In Section [5l we will prove an estimate for a solution to 

PiD)ij (A + p • V)7A = /. (34) 

We will need to estimate the convolution of the reciprocal 1/P(^) of the symbol 
with a Schwartz class function x, scaled by e (e = in l6.3p . Here the symbol 
P(^) = ■ ^ + ■ C vanishes simply on a codimension 2 sphere in R", and 
the estimates for -p are essentially the same as the estimates for -^^^j^, which 
vanishes at a point, also a codimension 2 manifold in M^. We prove a fairly 
general estimate of this sort. We follow the outline in [T3], in order to work in 
LP spaces, but our proofs are more geometric, similar to those in [I], which only 

treats based spaces (-8^^ and i). Our main theorem is the following: 

Theorem 4.1. Suppose that x{x) e ^(M",C) and Xe{x) :=e""x(f). If P{C) 
satisfies 

i) P : M" is smooth 

a) ^ — P^^{0} is compact 

Hi) DP\j( has constant rank, and 

iv) liminf IPI >B>0 

then 

a) ^ is a smooth embedded codimension k manifold in R" 

^) \\Xe*5M\L^ < ^ 

c) If P is real or complex valued (k — I or 2), then 

1 



< ^. (35) 



Moreover, if k > 2 and F is a complex valued function satisfying \F{P)\ < jp-^ 
then 

\\Xe*F{P)\\^^<j. (36) 

Remark 4.2. We define 

{6^,<j)) -.^ / (j)da^ (37) 
where da^ is the natural element of surface area on 
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Remark 4.3. If fc > 2 then -p G L]^^ is a well defined distribution on the whole 
of M" . If fc = 1 we will use the principal value 

(40):=/ / m^r-y (38) 

with Ns{^) and m(y) are as defined in the next proposition. 

The following proposition recalls some immediate consequences of the im- 
plicit function theorem. We don't include a proof. 

Proposition 4.4. Suppose that i), ii) and in) in Theorem \4-l\ are satisfied. 
Then 

A) DP\^ has full rank k 

B) ^ is a smooth compact embedded submanifold o/M" 

C) 3(5 > and a Lipschitz constant Ls such that writing 

Ns{^) = {x e M" I d{x, ^)<S}, (39) 
every x G Nfi{.^) has a unique closest point m{x) in ^ . The map 

T) ■ Ns{.£) ^ ^ X B|^(0) (40) 

defined by 

I \ ( f \ I I M DPmjx) {x~m{x)) \ 

r]{x) = m{x),\x-m{x)\ \ i—-t] (41) 

\ \DEm(x){x- m{x))\ J 

is a global diffeomorphism from Ns{^) onto ^ x _B|(0). Both r\ and ri~^ 
are Lipshitz with uniform constant Lg- 

D) Every point m G ^ has a 6 -neighborhood Us{m) C ^ that is diffeomorphic 
to a ball in M"^'^, i.e. 

: Us{m) B^m) B2~''{0). (42) 

Both ijjm and are Lipschitz with uniform constant Ls . 
Two corollaries (also stated without proof) are: 
Corollary 4.5. For x G M", 

Area {B'^i^x) n ^) := [ da ^ < Cgr''-'' (43) 

Corollary 4.6. For x G Ns{^), 

\P{x)\>Csd{x,^). (44) 
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We are going to use difFeomorphisms to rewrite integrals over manifolds as 
integrals over euclidean balls, where we can do some explicit calculations. Since 
our integrals will involve convolutions with Schwartz class functions, we need to 
describe the properties that the pullbacks of such functions inherit. 

Definition 4.7. A family of e-moUifiers, Xsi^i 2/); defined on Q1XQ2 C K" x K" 
satisfies 



i) s^Pxeni In2 IxAx^y)] dy < C 

ii) \Xe{x,y)\ < §^ (^) for all TV 6 N 

iii) \^yXe{x,y)\<^{j^) 



N 

for all iV e N 



Lemma 4.8. If x ^ j then 



Xe(2;,y):-^x(^) (45) 

is a family of e-mollifiers defined on Qi x = M" x R". 

Definition 4.9. The puUback of a family of e-mollifiers is definec(3 to be 

'4'*Xe{x, y) ■■= Xe{ip{x), ip{y))- (46) 

The next lemma explains why we need to work with general e-mollifiers. 

Lemma 4.10. If ijj and ip"^ are uniformly Lipschitz diffeomorphisms, then the 
pullback of a family of e-mollifiers is a family of e-mollifiers. 

Proof. Let Li and L2 be the Lipschitz constants for -0 and respectively. 
For i), we estimate 

dy 



sup / Xs{ip{x),'ip{y))dy = sup / Xe{x,y) 



^ ' det{Di;{y)) 
< sup L^' / Xe{x,y)dy (47) 

Next 



Finally, for iii), 

\^yXe{'4'{x),^{y))\ = \D'4) ■ V„X£('",w)||„=V(^) 

- 'e-+^\mx)-i^{y)\J - e»+i \\x-y\J ^ ' 

□ 



^It seems natural to include a factor of det{Dip) in I I46II , to treat Xedxi A ■ ■ ■ A dx 
-form. We don't add the factor because it makes the proof of Lemma |4. 101 sUghtly longer. 
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Proposition 4.11. Let Xe be a family of e-mollifiers defined on fii x C 
R" X R" and ^ a compact embedded submanifold of R" of codimension k. 
Then 

C 

\Xe{x,m)d(T,^{m)\ < — (50) 



sup 



for small e. 



Proof. We may assume that ^ C ■ Let S be the uniform constant in Propo- 
sition (|4.4p . Fix X ^ ill and assume that e < 6. According to ii) in Definition 
14.71 we have 



I ^n{m\\x—m\>5} 

On the other hand 



Xe{x,m)da^{m) 



< 



Cn_ /£\^ 



area' 



(51) 



^r]{m \ m|<£} 



Xe{x,m)d<7^{m) 



Co 



< ^area(^nS^'(a;)) 



Co 



Gr n—k 



(52) 



where Ls is the Lipschitz constant. To estimate the remaining part of the 
integral, we use local coordinates ip, based at m(x), the point on ^ closest to 
a;, as described in Proposition 14.41 D) . Let = -0^^. Then 



/ 



■m|£<|a; — m|<(5} 



Xeix,m)da^{m) 



s,"-'=(o)\B?-'=(o) 



(53) 



Because 



\Xsix,m)\ < 



Cn_ / e 

e" \{\x-m{x)f + \m{x)-mfy/^ 



N 



< 



Cn 



e" \ \m{x) — m\ 



N ry / \ N 



, (54) 



where p = \m[x) — m\, we may use polar coordinates centered at m{x) to see 
that 



S,"-'=(0)\i3?-''(0) 



^ T n — k 



|n- A:-7V| 



N 



\n-k-N\ 

(55) 



where Sn-k~i is the unit sphere in M" ^ and uJn-k-i its surface measure. The 



claim follows by taking N > n — k. 



□ 
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Remark 4.12. In the proof of Theorem 14. 11[ when considering x G Ns{^), we 
only required that the molhfier satisfy 

\Xs{x,y)\ < % f I , / , X ■ (56) 
e" \ \m(x) — m{y)\J 

We win use this observation in the proof of Theorem 14.131 

The following theorem finishes the proof of Theorem 14.11 Note that unlike 
the claim in Proposition 14. 1 ll the estimate here is independent of k. 

Theorem 4.13. Let Xe be a family of e-mollifiers, e small enough, ^ , P 
and k > 2 satisfy the conditions in Theorem \4-l\ and F : M*^ — > C such that 



\F{P)\ < §r. Then 



Xe{x,y)F{P{y))dy 



< -• (57) 



e 



If k ^ 1 then 



Xe{x,y) 



< (58) 



e 



where -p is defined by principal value as in Remark^ 

Proof. We assume that e < f , with 6 the constant in 1 
|^'(^')| < 1^ < ^ on 7V5(^) \ iVe(^) and < Cs outside Nsi^^), 

\XeF{P)\dy< sup \F{P{y))\\\xshi<-- (59) 



p 

Proof. We assume that e < f , with 6 the constant in ProDOsition l4.4I C). Because 

<^ Cj. r^n AT./ 

\P\ 

c 

For the moment, we restrict to the case that k = codim(^) > 2, so that 
F(P) G Li(M"). If a; ^ Nsi^Jf), then 

sup \x,{x,y)\<(^Y ^ (60) 

so that 

sup / \xeF{P)\dy< f \F{P)\dy(^Y ^. (61) 

and choosing > n — 1 shows that this bounded by a constant over e. 

If a; G Nf,{Ji), we can use the diffeomorphism r\ and its inverse H, described 
in C) of Proposition 14.41 to obtain 

sup / \xz{x,y)F(P{y))\dy 

= sup / \H*Xeiu,v)F{PiH{vm^^^^^ (62) 
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c 



c 



here 



where v = (m, s) e x B^{0). Because \F{P{H{s)))\ < 
and |det(Z??7)| is bounded from below by the the n-th power of the Lipschitz 
constant L2, this is bounded by 



< CLn 



For each fixed s, 



sup 

Bj(0) \ue^xB^{0) 



\H*Xe\ < % 



/ \H*Xe\daA ^ds. (63) 



N 



\u - (m,s)\J 

so according to Remark 14.121 we can apply Proposition 14.111 to the manifold 
^ X {s} to show that the quantity in brackets in (j63|) satisfies 



/C 
\H*Xe\ d(Jj( < —. 



This implies the estimate 



sup 



\Xe{x,y)F{P{y))\dy< 



C ds C 



_fe-i 



SJ(0) 



which completes the proof in the codimension 2 case. 
If ^ is of codimension one we have the definition 



(65) 



(66) 



,1 



(0(2/) - <t>ijn{y))) -^f- 



dy 

P{y) 



and note that this agrees with /jg„ yy-p 
definition, 



^ for aU (j) e Cg^(R" \ 



(67) 
With this 



1 



* Xe 



Xe 



dy 



{Xe{x,y) - Xeix,m{y))) 

P{y) 



dy. (68) 



We estimate the first integral as we did in the codimension > 2 case, and rewrite 
the second as 



Xe{m(x), vjx), m{y), v{y)) - Xe{m{x), vjx), m{y), 0) 
P{m{y),iy,y) 



dv{y) 



(69) 

where m{x) again denotes the closest point on ^ , and i'{x) are the normal 
coordinates, given explicitly by the second component on the right hand side of 
equation (j4T|) . If we call the integral in brackets Xe, we see that 



\Xe\< 



\'m{x) - m{y)\ 



N 



(70) 



so that Remark [4 . 1 2 1 applies here, and we may conclude that |/^ Xed(Tjt \ < jk 
with A; = 1 in this case. □ 
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5 Function spaces 

We will prove new estimates for Gp — ^^^(— ^ • ^ + • 0^^^ ™^ spaces whose 
Fourier-multipliers are L°° functions. In particular, the spaces we are interested 
in are the space Lp{K) of distributions supported in the rectangle K whose 
Fourier-transform is in L^, and the translation-invariant space 13^ ^(MJ^) which 
consists of the Fourier-transforms of Besov distributions ^. 

We will first start with the definition and basic properties of LP. 
Definition 5.1. Let < p < cx) and X C M". Then 

rPiX) -.^ {/ e ^'(M") I supp/ c xje L^iR")}, (71) 

with norm ||/| 

Proposition 5.2. Let X C M" he closed. Then Lp{X) is a Banach space for 
1 < p < oo. If X is compact, then increasing p makes the space larger. 

Proof. The first claim follows from the facts that L^'(R") is a Banach space and 
that convergence in LP implies convergence in .y", which shows that the limit 
distribution is also supported in X . 

Take </> e such that (p^x = 1 and < p < q < oo. Then by Young's 
inequality 

^Jl/llr. (72) 

for i + i = i + 1. See also [m 1.4.1]. □ 
Remark 5.3. Lp{X) is a quasi-Banach space for < p < 1. 

Lemma 5.4. Let I < p < oo and f G iP(M"). Let k < n and assume that 
supp / C UjLiFj where each Fj is a k-dimensional hyperplane. Then f = 0. 

Proof. Consider the case fc = first and let pi, . . . ,pi^ be points. The distribu- 
tion / is compactly supported so has finite order m and so (cf. [9^ 2.3.4]) 

N 

/ = EE^"^"^p.- (73) 

j = l |Q|<m 

Hence 

N 

LP(M") 9 m -EE (74) 

j=l |o!|<m 

which is possible only for / = 0. 

Assume that the claim is true for some < k < n—2 and that / is supported 
on a finite union of fc + 1-dimensional hyperplanes Fj . Let 

N 

Sk = U{F, n Fi I F, ^Fi}^\J\J F, n Fi (75) 




l/ll 



L" 



LI 



p,q 
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be the set of points belonging to the intersections of at least two fc+l-dimensional 
planes. It is a finite union of /c-planes. We wih show that supp/ C Sk- 

Let (f e C5"(M" \ Sk) and e = dist(S'fe, supp 1^9). Now, for each j, take an 
open set Qj such that 

1) flj 3 (supp^n Fj)\B{Sk,e), 

2) Uflj does not intersect B{Sk,^), 

3) flj n il; n supp (y9 = for j 7^ I, 

4) Uilj D supp(^. 

Let V'j G C'5"(rij) be a partition of unity such that J^i^j = ^ '^^ supp (/5. Now 

N 

each fipj € LP(R") and supp ftp j C Fj. Rotating and translating won't change 
the norm of fipj, so we may assume that supp/?Aj C {0} x 
Now 

mo - (M,e"^«^e-'-«') = (77) 

where g^' € &'(R) is given by {g^i, (j)) = {fipj, 0(a;)e*^ ). Fubini's theorem and 
((77|) show that g^' £ Lp(M) for almost all Moreover supp 5^' C {0}. Hence 
the first part of the proof implies that g, and so fipj is zero. Thus (/, ip) = 0, 
and so supp / C Sk- The induction assumption implies that f — 0. □ 

We will need a dyadic partition of unity for two reasons. Firstly to be able 
to estimate the Faddeev operator Gp and secondly to define the spaces B^^^. To 
introduce the notation let 



i = a>o(s) + ^$,(s) 

where $0 and $ are C°° even functions of s G R, and 

supp$o C [-1,1] 
supp$ c]i,2[ 

forj>l 



R, := 2-' 



Finally for x € 



(^jix) ■■=^j{\x\). 
For a tempered distribution / we let 

fj ■= (t^jf- 



(78) 

(79) 
(80) 
(81) 
(82) 

(83) 
(84) 
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Recall [21 [131 that for s G R, < p < oo and < g < oo the Besov-space 
is defined by 



r) = {/G^'(M") I <oo} 



where 



1/9 



LP 



(85) 



(86) 



with the usual modification for q = 00. 

Definition 5.5. We say that / £ i?^ ^ if / G B^ ^ and write = ^• 

Note that 



1/9 



00 

EC 



We will use the norms 



LP 



00 



4>j * f 



LP 



11/11^ 



sup 

0<i<oo 

00 

J=0 



(87) 

(88) 
(89) 



In the case p = 2 these two norms were used in [I] to study constant coefficient 
PDE's with simple characteristics, including, as the principal example, the free 
Helmholtz equation. The authors showed, in particular, that the incident waves 

in -B^^ were exactly the Herglotz wave functions. 

Proposition 5.6. Let s G R, 1 < p, q < co. Then ^ is a Banach space. 
Proof. It follows from the result for Besov spaces. See [TJl 2.3.3]. □ 



6 Estimates for the Faddeev operator 

In this section we prove Theorem 13. 3[ that is, we show the existence of CGO 
solutions e^'P{l + -0) with the norm estimate ||'0llLp(i<-) ^ |^ holding for all 
2 < p < 00. We begin by noting that if p • p = 0, then 

u; = e^"(l + V) (90) 

satisfies (A — Q)w = if and only if if; satisfies 

(A + 2p-V)V' = Q(l + V')- (91) 
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In the case of acoustic scattering of ([TS| we have Q — — fc^(l — m) inside supp m, 
but we do not make that assumption now. Our main task is to estimate solutions 
of 

(A + p • V)u = /. (92) 
Because gp{£) = (-^ ■ £,+ip- C)"^ e ^Lc(^") the operator 



Gpf := ^ 



m 



(93) 



is well-defined on any compactly supported distribution / and is therefore a 
right inverse for A + p • V. Then formally 



(94) 



fe=i 



will solve (191 



We will split the kernel Jt^ — ^ ^ + ^ the x-side and estimate 

the pieces on the Fourier-side. 

Lemma 6.1. Letn>2,(j)j be the dyadic partition of unity of (I83p andp-p — 0. 
Then 

C23 



(95) 



where C does not depend on \p\ or j . 

Proof. We will only prove the case j >!■ The case j = follows similarly. Let 
p — rO, r — \p\. Set rj — rr and ^ = r(^. Then, since ipjix) — (j)(2^^x), 



iim-^)iic 



sup 

r,GR" 



2^>(2^(,7-0) 



1 



sup 



r"2^' V(r2^ (T- 0) 



^■^-^rie■0 
1 



dc 



r2 



sup 



(r2^)'V(r2J(T-C)) 



C • C - ^0 • C 



dC 



(96) 



Let X = e = ir2i)-^, F{z) = i, and P(C) = C'C-i^'-C- The equation • 6* ^ 
implies the assumptions of Theorem 14.131 Applying it proves the claim. □ 



Corollary 6.2. Let 0j he the dyadic partition of unity of (|83p. p ■ p — and 
Q C R" &e cZosed. Then 



f ^ (0, JT) * / : LP(Q) ^ LP (Q + supp 0,) . 



and 



C2J' 



||(0,jr) * /llrp(Q+supp0,) < ^ II/IIl? 



(97) 
(98) 
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Proof. The claim for the support follows from convolution's basic properties and 
the norm estimate follows from Lemma |6. II □ 



Proposition 6.3. Let s e M, < p,q < oo, p ■ p = and Q C M" be compact. 
Then 



Gp : i5(g) Bp,lo 

with operator norm at most ^ in both cases. 



(99) 
(100) 



Proof. Let / e Lp{Q) and (f>j be the dyadic partition from ((83| . Denote the 
convolution kernel of Gp by J^. Now 

0fc(((/.jjr)*/) :i5(g)^i5((Q + supp(/.,)nsupp0fe) (loi) 

by Corollarv 16.21 Assume the integer dq is so large that Q C S(0,2''^-i). We 
have 

supp (jjj+Qc B{0, + 2'*«-i) \ 5(0, - 2''«-i) (102) 
Comparing the supports we see that (j)k{<t>jJ(f * /) = for j > l + k + dg. Hence 

l+k+dQ 



3=0 



3=0 



(103) 



so 



\\^i^kGpf)\[^< J2 



J=0 



1 + fe+dQ 
J=0 



E 



C2-'' 

^^ll/llr. 



Li 



22+fe+rfQ _ 2 



ll/lb, (104) 



where C is independent of /c and \p\. Hence 



|Gp/||^ = sup 2-'= m^kGpf)\\^ < 1^ 



(105) 



To prove (jlOOp . we do not assume anything about the support of /, but use 
the pieces (j)mf instead. Note that suppc^m/ C 5(0,2™+^), so = m + 2. 
According to (|104p 



||=^(<^feGp(0™/))||^ <C 11011^ 



1^ 



(106) 
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This implies the desired estimate since 

oo 

||G,/||^ < sup \\^{c^kGpf)\\^ < sup 2-^- ||^(0/cGp(</)„,/))||, 



m=0 



< sup Y^Cm^,— ^/|[ = 11/11 - . (107) 



□ 



We will need a fact about the Hilbert transform. This will be used to show 
the mapping properties of the multiplication operator m where m = XKf as in 
Theorem 13.11 



Lemma 6.4. Let xk be the characteristic function of the n-cuhe K — [0, 1]" 
and 1 < p < oo. Then 

I^xk^f- LP(M") ^ if (M") (108) 

and XR €LP{K). 

Proof. It is enough to prove the one dimensional case since xk can be separated 
into n characteristic functions of an interval. Then use Fubini. 
First note that 

( X sgn(a;) - sgn(a:: - 1) 
X[o,i](^) = 2 ' ^ ' 

which implies 

^^{S)^-^{-p.v.\ + e-^h-v.\). (110) 



/27r 

So |x1m](C)| ^ min(l, |^| ^) E L^(R) for 1 < p < oo. The equation also gives 

Xi^] * 9i^) = - + e^"^(e' , (HI) 

where the Hilbert transform maps -Jf : LP(R) LP(R). Hence xk € LP(R") 
and XK* ■■ LP(W"-) LP(M"). □ 

The results of the following corollary are natural because Fourier transforms 
of compactly supported distributions are analytic, so infinitely smooth. Reduc- 
ing the support does not necessarily change the smoothness on the ai-side, so 
we have to keep p fixed. 

Corollary 6.5. Let xk be as above and 1 < p < oo. Then the mapping 
f ^ XKf := (27r)-"/2^-i(x^ * /) is well defined for f G i5(R") U B^^ and 
has the following properties 

XR- ■■ i?(M") ^ rP{K) (112) 
Xr ■ is identity on Lp{K) (113) 
XR- : ^ B^, n Tp{K) (114) 
for any i, s G R and < g, r < oo. 
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Proof. The operator is well defined Lp(R") Lp{W) by lemma HH The claim 
for the support follows by approximating / with a smooth test function and 
writing the definitions out. Thus it maps Lp(M") Lp(K). 

Let / e LP{K) C L?(M") and e Cg°(R"). If suppcj} C M" \ K, then 
(Xif /, 0) = as in the previous paragraph, and so (/ — XKf,(t>) = 0. Assume 
that SUPP0 C K\ dK. Let e C^(M") be such that - 7||p and 
fj — gj. Now XKfj — > Xif / in LP C by Lemma lOl so 

(/ - XKf, <P) - fim (/, - XKfjA) - lim ((/„ 0) - {fj.XK<P)) = (115) 

since X-ftr*/* = 4'- Hence supp/ — Xat/ C but then Lemma 15.41 implies that 
/ = XKf- 

To establish the first claim of (|114p . let (f)j be the dyadic partition of unity. 
Then 

l/r 



ln2 V" 

\\XKf\\sr = \ E 



(116) 



since K C -6(0, \/n). Now XK<Pjf — Cxk * <f>jf so Lemma lOl gives 

ln2 V» - 



\\XKf\\sr;^<clj2 [R]\\m) 



< 



1 1112 \/n 1 








1 sup -R^ 






/ J>0 





Noting the fact that 1'^ ^ l°° for all g, we get 

WxKfWgr <C\\f\\s: 



(117) 



(118) 



For the last claim. 



llx/f/lli? = 



Xiif 



< 



ln2 \/n 

c I E ^7"' 

3=0 



CO ln2 \/n 

< E Ik'^/ < E 1^ 

j=0 ^ j=Q 

1/9' / \ 1/9 

E ^.i^ 

J=0 ^ 



C||/||«r (119) 



□ 



Proposition 6.6. Let (p{x) e C°°(]R") and x/^ be the characteristic function 
of a closed cube K . Then for all 1 < p < 00, s G M and < q < 00 



■.= XKVeB;,jnLP{K) 



(120) 
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and multiplication by Q is a bounded operator from B^^ to ^ D Lp{K), for 
any s G R, < r < oo, i.e. 



IQ/llr.w + IIQ/llBj, <^ 11/11 



(121) 



Proof. We may assume that ip G . Then (p G and xk € according to 
Lemma [Ql so Q eLP{R). Also, 



1/9 



IQIIbt 



1/9 



where the sum is finite because Q has compact support. 

Let / e i?* . Now, again because xk has bounded support, we have 



(122) 



IIQ/llr. = 



XK'ff 



< Ml 



3k 



]=0 



XK4>jf 



<cMJf:RjA (±(ri 

\j=o J \j=o ^ 



1/r 



<C||/|L-. (123) 



The last claim follows from the fact that Lp{K) ^ 13^ ^ for all parameter 
values. □ 

Remark 6.7. Propositions 16.31 and 16.61 are used to estimate J^ji^pQV f ^^i' ^ 
particular / and a Q with bounded support. If supp Q C K, then we may as 
well just estimate 

oo 

E(Xi^G'pQ)V. (124) 

It is quite easy to see that xkGp '■ Lp{K) — ^ Lp{K) using methods as in the 
proofs of Proposition [^751 and Corollarv 16.51 We decided to prove the results for 
the Bp g spaces at the same time because of their link to the spaces B2 i and 

-B^L used in [T]. 

Proposition 6.8. Let K C M" be a closed cube, 1 < p < 00, (p € C°° and 

Q = XkV- Then 

f ^ XRGpQf : iJ'iK) ^ Li'iK) (125) 



/ ^ GpQ f : Bp 00 ^ Bp, 00 
for all p e C", p ■ p — 0, with norm estimates 

C 

WxRGpQfWf^pf^K) ^ 1^ WfWr^iK) 



(126) 

(127) 
(128) 



20 



where C does not depend on f or \p\. 



Proof. We may assume that (p e C^. Then muhiplying by it is a bounded op- 
erator in LP{R) and B!^ ^. The claim follows from Corollarv l6.5l and Proposition 
[Olthen. □ 



We are now ready to prove the existence of the CGO solutions. 

Theorem 6.9. Let K d be a closed cube, ip e C°°(M") and Q = xk^- 
Let 1 < p < OO, p G C", p ■ p ~ and \p\ > 2C^^k,p- Then the equation 
(A — Q)w — has a solution 

w = e'=-P{l + i^) (129) 

in the domains hit K , R", with G Lp{K), G Bp^, respectively. In both 
cases 

UW < ^^f^- (130) 

Proof. Recalling ([M)) . i/j = X]feLi(^p'3)'^li t)^^ constant functions are not in 
the space Bp^lo- Take / G such that / = 1 on K. Then / G Bp^lo and 
tp = X]fcLi(^p*3)''/- Proposition 16.81 implies 

which is at most 2C^^K,p \p\ ^ as long as \p\ > 2C^,K,p- The space Bp^ is 
complete so we have existence and the norm estimate. 

Consider the equation in the interior of K now. There xk = 1, so -0 = 
Y^^=i{xkG pQ)'^ Xk satisfies the Faddeev equation inside K. We have xk G 
Lp{K) by Lemmainm so Proposition 16.81 gives the last claim like in the previous 
paragraph. □ 

Proof of theorem \3.3[ We have m = XKfix). Let Q = —k'^{f — 'p)xk, where 
/ G is identically one inK. Let 2 < p < oo and let w = e^-P{l+-ip) G Lp' [K), 
l/p+ 1/p' = 1, be the CGO solution from Theorem 16.91 Now 

(A + fc2(l _ m))?i; = inside (132) 

Young's inequality gives 

Hh.iK) < Mp' < j^- (133) 

□ 
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Remark 6.10. We could also use the solutions w € satisfying 

(A - Q)w = in M". (134) 
Then for any compact set A we have 

JA Ja 

u < 

\p[ 



j=o " i=o 

where Ja < oo is large enough that A is contained in the ball of radius 2^^^^. 
Note that we haven't proven existence for Q — — fc^(l — m) since 1 is not 
of the form xk^{x), but we may take a big rectangle K Z) A and consider 
Q = —k^ixii ~ Xkv), which will work well with our propositions. 
Remark 6.11. Let ^ be a compact set. It is not hard to see that all the results 
of this section work for potentials Q G LP (A) that are also Fourier-multipliers 
for L^. Hence we could have taken an arbitrary polytope instead of K. 

7 Proof of theorem 13.51 

In this section we will use notation that is different from that used in the rest of 
the paper. We will be dealing with polynomials in n complex variables. We will 
use a notation for what is sometimes called array operations, as well as standard 
multi-index notation. Specifically, for 77 S C", with a a multi-index, 

rf^vr---v:" (136) 

is a scalar, but 

V'^{vl---,vl) (137) 
is the vector with squared components. Similarly, 

1 = (1,...,1), (139) 
V \ '71 ' " ' ' '7n , 

Also, ak{ri) denotes the fc'th elementary symmetric function of (771, . . . ,r]n), 

f^fe('7) = E Vjir]ji---Vj„- (141) 

i<jl<j2<-<jk<n 

Below we will only use 

n 

'yn{v)^l[m, (142) 

i=l 

^«-i('?)=En^j- (143) 



(138) 



(140) 
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The hat indicates that an index does not occur, so that 

??r = ■ • ■ , ni-i,Vi+i, Vn) (144) 

means the n — 1-dimensional vector that omits the i'th component of 77. When P 
denotes a polynomial, we will often use the notation and P(?7r) interchange- 
ably to denote a polynomial which does not depend on the i'th variable. 

The Laplace transform of a degree N homogeneous polynomial P{x) is given 

by 

P{p) = f e-P''P{x)dx (145) 

Jx>0 

where x > Q means Xi > for each component. Letting yi — piXi, with p real 
and p > (for the moment) we have 

P{p) = / e-^ yp (^] a„ (-) dy. (146) 



y>o 



If P = Eu|=jv-Paa;", then 



\a\ = N ' \a\ = N 



a + 1 



P{p) = Q^^^" ( - ) (148) 



for a homogeneous polynomial Q — Q^^" of degree N - 
The main assertion of Theorem 13.51 is that 



Q|p,.o^O (149) 

Because Q is a polynomial in i, we will work with the new variables ry = i. 
After that we may continue it analytically to the whole C". In terms of r; 

p-p^ = = 7 — T~^- 1^0) 

If P is harmonic, Q{vi) ~ P{'^) has an additional representation. 
Lemma 7.1. If P is harmonic and homogeneous, then 

Qiv) - Pi-) = E iP^+v^QT) (151) 

where Pi and Qr o,re homogeneous polynomials of degree iV + 2n— 2, iV + 2n— 3, 
respectively, which do not depend on rji. 
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Proof. Assume that 3?pi > and prove the formula (|151l) . Then continue both 
sides of the equation analyticahy to the whole C". Assuming p • p ^ for a 
moment, we obtain, by integrating by parts and recalling that P is harmonic, 
that 

Pip) = / P{x)dx 

Jx>a P-P 



a:>0 / 



^ n UEi— / ^ „ f)T^ \xi — Q , 

1 " / 1 1 \ 

-Y.[P^P^i-) + Q^i-)] (152) 



P' Pl~i\ P^ P^ 



If we rewrite this in terms of 77, we obtain by using ()150p 



E (^^(''r) + '^^S:!^)) , (153) 



where 
and 



P^{m) ^ '^n^l{m)P^{m) (154) 



<3i(??r) = (^n-i{m)Qi{m)- (155) 

□ 

The proof of Theorem l3.5l is now reduced to the following two propositions. 

Proposition 7.2. Let P be harmonic and homogeneous. If n > 3 and P{p) 
vanishes identically in a nonempty open subset of {p ■ p — 0, SRp > 0}, or n = 2 
and P{p) vanishes identically on {p ■ p = 0, 5Rp > 0}, then o'n-ii'rf') divides the 
polynomial Q{r]) = P{-^). 

Proposition 7.3. a„-i{r]^) cannot divide any polynomial Q of the form (llSip . 

Both propositions rely on the following lemma. 

Lemma 7.4. If rj ^ C" and 77 > 3, then (T„_i(77^) is an irreducible polynomial. 
When n = 2, then a-„-i(?7^) = rjl + = ivi - *'72)(?7i + ^V2)■ 
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Proof. We need only to consider the case n > 3. We will prove this lemma by 
induction, making use of the identity 

= 77icr„_2(r?r) + o'„-i(7?r) (156) 

for 77 e C". If 0-„_i(?7^) factors, and one factor does not depend on r]i, then we 
must have 

vl(Tn-2{4) + = Piivloi + (157) 

where pj, q^, and r^; are non-constant polynomials independent of rji. Equating 
coefficients of r]f gives 

Crn-2('7t) =Pl9l, (158) 

which contradicts the induction hypothesis because cr„_2(?7|) = crm-i{^^) with 
m = n — 1 and ^ = r/j e C". 

If both factors depend on 771 , i.e. 

vl(Tn-2imf + <^n-i(»7r) = {ViPi + Qi)irnri + Si), (159) 
equating coefficients of r]1 again gives 

o-„-2(?7i) =l>i9i (160) 

which also contradicts the induction hypothesis. 

To finish the induction argument we still need to prove the case n = 3. Then 

a'2(?7^) = ViiV2 + iV3){V2 - iris) + ?/2»?3- (161) 

If (T2{'rf') = l>i(??i'7i +7'i), then, equating the coefficients of rif, wc see again that 
Pj- must divide {r]2 + i'r]3){V2 — iVs) and J?! ^3. This is impossible because the two 
have prime factorizations without common factors. If, on the other hand, 

o-2(r?^) = iviPi + qi)iViri + Sf), (162) 

then 

PiQi ^ im + iV3){v2 ~ im) (163) 

which implies that must be either (772 + irjs) or (772 — ills) multiplied by a 
constant and must be the other. Also 

q^r^ = -pjs^ (164) 

so that must divide because it doesn't divide q<^. However 

^iSi = V2V3 (165) 

does not have (772 ± ivs) as a factor, so this is impossible. □ 
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Proof of Proposition We will first show that Q{ri) vanishes on the set {ij \ 
(T„_i(77^) = 0}. Recall that 

^-TTW- (166) 

Let 

F = {?7 I a„_i(r/2) ^0}. (167) 

If n > 3 then (t„-i(?7^) is irreducible by Lemma |7.4[ so V is an irreducible 
variety. If n = 2, then V — V1UV2 for two irreducible varieties Vi and V2. 

The assumptions imply that Q vanishes on a nonempty open subset (n > 3), 
or the whole (n — 2) of 

Wn-iiv^) = 0, 5Rry > 0} \ {a„(r/) ^ 0} d V. (168) 

If a polynomial vanishes on a nonempty open subset of an irreducible variety, 
then it vanishes on the whole variety (il2l p. 91] or [E]). Hence Q vanishes 
on the whole V. Hilbert's NuUstellensatz implies that Q has all the irreducible 
factors of (T,i_i(77^), but the latter is square-free. It must be a factor of Q. □ 

Proof of Proposition \77S\ Q is a polynomial which, according to (jl5ip . has the 
form 

g(^)^>WE(^T+r?.Qr) 



2^ 



O-n-liV 

If a',i-i(?7^) divides Q{ri), then its square ((t„_i(77^))^ divides the numerator. As 
<^n(j]) — YiVi ti^s a unique prime factorization that does include the irreducible 
(T„_i(?7^) (or its factors in the case n = 2), this is only possible if 

Y,iPr+V^Q^)^{<^n-l{v^)yR{v) (169) 
for some homogeneous polynomial R{ri) — ^ Carj"'. The proof will be com- 

|Q|=Af 

pleted once we show that (|169p is impossible. 
Setting = Yik^i Vk identity 



yields 

K_i(??2))' = a„_i(??4) + 2(7„_2(??')a„(?7'). (171) 
We continue by observing that the right hand side of (I169P is equal to 

^ c„(a„_i(774)^"+2a„_2(^')^'+") 

n 

E ( E ^('3-4)+4e, + E 2C(^-4)+2e,+2e.)/, (172) 

|^|=JV+4(n-l) j = l i<j<k<n 
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where we have defined that = if any component of j3 is negative. Note that 
we used the notation [} -\- c— (/3i + c, ...,/?„ + c) for a vector /3 and a scalar c. 

Next, we will compare the coefficients of certain terms of '/iQt) and 

the right hand side of (|172l) . When all the exponents are greater than two, the 
term does not appear in ViQi)- In each row of the following table let 

(3 G N"^^ with /3 given by the first column. The second column tells which 

term we are interested in. Then the corresponding coefficient in '^{Pi + rjiQ^) 
and the right hand side of (jl72p are given by the two remaining columns. 









Term 




RHS 


N 
TV- 1 
N -I 
N -2 


^(2,2,/3+4) 
^(3,2.^+4) 
^(2,3.^+4) 
,^(3,3j+4) 











(173) 



The second last column is full of zeros because ViQi) does not have 

terms divisible by anijf')- The last column looks like that because in (|172p the 
terms of f7„_i (77^)77" have all but one exponent at least 4, and we only get the 
term with j = 1, fc — 2 from the second sum. 

Consider the coefficient of the term rj^ with /3i, . . . , /3„ > 2. This term does 
not appear on the left hand side of (|169p . so we get the array of equations 



Hfi-i)+ie, + 2C(^_4)+2,^+2e. =0, A , . . . , /3„ > 2. (174) 

j=l l<j<k<d 



In low dimensions this is just 



n 


equation 


2 


C^i-4,/32 + CPup2- 


-4 + 2c^i_2,/32-2 = 


3 




C^i-4,/32,/33 - 4 + C^i-4,/32-4,^i3 + 




2c/ji_2,/}2-2,/33-4 


+ 2c^i-2,ft-4,fe-2 + 2C/3i_4,^2_2,^3-2 = 



(175) 



Note that all of our equations have jumps of even size in the indices. We also 
have the initial values (|173p for all of the four cases (/3i,/?2) (mod 2). Thus it 
is enough to consider the case where both /3i and ^2 are even. 

The equation array can be visualized as in figure [T] when n — Z. The proof 
works in the exact same way in other dimensions. We write (3 = {Ps, . . . ,/3n) 
for /3 S N". The nodes in the bigger triangle correspond to the values of cp. We 
superimpose the small triangle over the big one. Then its location corresponds 
to one of the equations in (|174p . Each node outside the big triangle would 
correspond to some with /3 having a negative index. The small triangle may 
be partly outside the bigger one. This is allowed as long as the triangles have 
at least two common nodes. This follows from the condition that > 2 for all 
i in ([T7i| . 
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C a B 

A + B + C + 2a + 2b + 2c^0 



Figure 1: The coefficients and their equations (I174p 

We proceed by induction, proving that each row in the triangle is full of zeros. 
Figures [2] and [3] show the idea. We start from the top. When the previous rows 
have been shown to contain only zeros, we are reduced to the 2-diinensional 
case. Then we move the small triangle to the right one step at a time. On each 
step, we solve the value of the rightmost node based on the values of the middle 
and leftmost one. 



* \ * % 




Figure 2: The first induction step 



The value of the top node is given by Cg ^ ^ = in (|173p . Each row can be 
reduced to the 2-dimensional case as follows: Assume that we have proved that 
Cq, = whenever ai + a2 < k. Then move the small triangle down one step, 
or equivalently, choose (^i,/?2,/3) = (ai + 2,a2 + 2,3) with ai + a2 = k + 2 
in (|174p . The coefficients Ca with ai + a2 E {k, k — 2} vanish by the induction 
assumption, so we are left with 

Cai+2, 02-2, 5-4 + Cqj _2,Q2+2, 5-4 + '^Ca-^ ^S-i = 0. (176) 

This is valid as long as ai, Q!2 > 0, 5i > 2 and ai + a2 = k + 2. 
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Figure 3: Moving the triangle to the right on an arbitrary induction step 



Next, write A = co,fc+2,5-4 for the leftmost node. Let ai — 0, a2 = k + 2 in 
(fT76l) . Then 

C2,fe,a-4 + 2co,fc+2,5-4 = C2^A;^S-4 = ~2A. (177) 

Next, move the triangle to the right, or let (ai, 02) go through all the pairs in 
{(2, k), (4, fc — 2), . . . , (fc, 2)}. A simple induction gives us 

C2s,k-2s,5-4 = {-iy{s+l)A (178) 

for < s < f + 1. Then finally, put the triangle half-way outside on the right, 
or choose ai = fc + 2, 02 = to get 

Cfe,2,S-4 + 2cfe+2, 0,5-4 = 

^ (_l)fe/2(| + 1)^ + 2(-l)^/2+i (I + 2)A = (179) 
^A = 

Hence Ca — for all a S N" with ai + a2 < k + 2. Induction gives the claim. 

□ 

References 

[1] Shmuel Agmon and Lars Hormander. Asymptotic properties of solutions of 
differential equations with simple characteristics. J. Analyse Math., 30:1- 
38, 1976. 

[2] Joran Bergh and Jorgen Lofstrom. Interpolation spaces. An introduc- 
tion. Springer- Verlag, Berlin, 1976. Grundlehren der Mathematischen 
Wissenschaften, No. 223. 

[3] Fioralba Cakoni, Drossos Gintides, and Houssem Haddar. The existence of 
an infinite discrete set of transmission eigenvalues. SI AM J. Math. Anal., 
42(l):237-255, 2010. 

[4] David Colton and Andreas Kirsch. A simple method for solving inverse 
scattering problems in the resonance region. Inverse Problems, 12(4) :383- 
393, 1996. 



29 



[5] David Colton and Raincr Kress. Inverse aeoustic and electromagnetic scat- 
tering theory, volume 93 of Applied Mathematical Sciences. Springer- Verlag, 
Berlin, 1992. 

[6] David Colton and Peter Monk. The inverse scattering problem for time- 
harmonic acoustic waves in an inhomogeneous medium. Quart. J. Mech. 
Appl. Math, 41(1):97 125, 1988. 

[7] David Colton, Lassi Paivarinta, and John Sylvester. The interior transmis- 
sion problem. Inverse Probl. Imaging, 1(1):13 28, 2007. 

[8] Michael Hitrik, Katsiaryna Krupchyk, Petri Ola, and Lassi Paivarinta. 
Transmission eigenvalues for operators with constant coefficients. SIAM J. 
Math. Anal, 42(6):2965-2986, 2010. 

[9] Lars Hormander. The analysis of linear partial differential operators. I. 
Classics in Mathematics. Springer- Verlag, Berlin, 2003. Distribution theory 
and Fourier analysis, Reprint of the second (1990) edition. 

[10] Andreas Kirsch and Natalia Grinberg. The factorization method for in- 
verse problems, volume 36 of Oxford Lecture Series in Mathematics and its 
Applications. Oxford University Press, Oxford, 2008. 

[11] Lassi Paivarinta and John Sylvester. Transmission eigenvalues. SIAM J. 

Math. Anal, 40(2):738-753, 2008. 

[12] Joseph Pels Ritt. Differential Equations from the Algebraic Standpoint. 
American mathematical society. Colloquium publications, 1932. 

[13] Alberto Ruiz. Harmonic Analysis and Inverse Problems, lecture notes, 
http://www. nam . es/gr uposinv/ inver sos /publicaciones /Inver sepr oblems . pdf , 
accessed 2012. 

[14] Elias Menachem Stein. Singular integrals and differentiability properties 
of functions. Princeton Mathematical Series, No. 30. Princeton University 
Press, Princeton, N.J., 1970. 

[15] Hans Triebel. Theory of function spaces, volume 78 of Monographs in Math- 
ematics. Birkhauser Verlag, Basel, 1983. 

[16] Bartel Lcendcrt van dcr Waerden. Zur algebraischen Geometric. IIL Math. 
Ann., 108(l):694-698, 1933. 



30 



